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Three-dimensional incompressible �ow calculations using
the characteristic based split (CBS) scheme
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SUMMARY

In this paper, the characteristic based split scheme is employed for the solution of three-dimensional
incompressible viscous �ow problems on unstructured meshes. Many algorithm related issues are dis-
cussed. Fully explicit and semi-implicit forms of the scheme are explained and employed in the cal-
culation of both isothermal and non-isothermal incompressible �ows simulation. The extension of the
scheme to porous medium �ows is also demonstrated with relevant examples. Copyright ? 2004 John
Wiley & Sons, Ltd.
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1. INTRODUCTION

The solution of incompressible �ow problems is important in a range of applications in-
cluding heat exchanger design, low speed aerodynamics, hydrodynamic systems, cooling of
electronic systems and bio-medical systems. It is increasingly important to be able to deal
with complicated geometries in these applications. For this reason, although structured and
semi-unstructured meshes are widely employed in incompressible �ow applications, the need
for accurate and e�cient unstructured mesh solvers is becoming apparent. In this paper, the
generality and validity of the characteristic based split (CBS) code, a multi purpose Navier–
Stokes solver, is discussed in the context of incompressible viscous �ows. Several examples
are presented to demonstrate the accuracy and e�ciency of this unstructured based �ow solver.
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Unstructured mesh methods for compressible �ow are very well developed and there are
several schemes that enable large scale computations to be performed [1–10]. The success of
these schemes is partially due to explicit time discretization of the equations along with dual
time stepping. The addition of extra dissipation to smooth oscillations is generally part of these
schemes. These schemes perform well for very high speeds but the solvers become ine�cient
for low speed �ows due to severe time step limitations at small and moderate Reynolds
numbers. Therefore, alternative approaches have been developed to solve incompressible �ows.
The projection, or velocity correction, schemes and preconditioned arti�cial compressibility
schemes are two such methods which are capable of handling a wide range of Reynolds
numbers. However, many velocity correction based schemes require some form of implicit
solution of the pressure Poisson equation [11–24], so that the use of these schemes needs very
e�cient simultaneous equation solvers and may require large memory for three-dimensional
problems.
The CBS method [16–25] for incompressible �ows is a variant of the velocity correction

method or split method reported by many authors [11–15]. However, the CBS procedure is
e�cient and �exible due to extra provisions which lead to improved stability and accuracy of
incompressible �ow calculations. Incompressible �ow calculations performed previously with
the CBS scheme were mainly based on either semi- or quasi-implicit forms in which some
form of implicit solution is necessary. However, recently it has been proved that the arti�cial
compressibility (AC) and the CBS schemes can be combined to get an e�cient and accurate
explicit matrix free scheme [25].
This fully explicit scheme was developed by combining the principles of the split scheme

and the standard AC scheme [26–30]. Such a scheme gives good pressure stabilization at
small and moderate Reynolds numbers and, when combined with characteristic based dis-
cretization in the time domain, gives a stable solution for highly convective �ows. In addition,
an appropriate arti�cial compressibility parameter and associated local time steps gives faster
convergence to steady state. With this type of scheme, a true transient solution is generally
achieved via a dual time stepping method [25, 30, 31].
The semi-implicit version is partially implicit due to the requirement for the implicit solution

of a pressure Poisson equation. Here pressure and convection stabilization are achieved in a
manner similar to that employed for the fully explicit form but no AC is used. In �ows
dominated by source terms, the semi-implicit form is found to perform better than the fully
explicit form.
The objective of the present paper is mainly to carry out incompressible �ow calculations

using the CBS scheme on three-dimensional unstructured meshes. Many scheme related is-
sues are also addressed. Several benchmark and application problems have been studied and
compared with available data wherever possible.

2. THE NAVIER–STOKES EQUATIONS

The Navier–Stokes equations for a non-isothermal �uid �ow can be written in non-dimensional
conservative form as

@W
@t
+
@Fj
@xj

− @Gj
@xj

=S (1)
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where

W=




�

�u1

�u2

�u3

�T



; Fj=




�uj

�u1uj + p�1j

�u2uj + p�2j

�u3uj + p�3j

�Tuj




Gj=




0

�1j

�2j

�3j

1
Re Pr

@T
@xj



; S=




0

0

0

�
Gr
Re2

T

0




These equations represent the conservation of mass, momentum in the three co-ordinate di-
rections and energy, respectively. Here, � is the density, xj are the co-ordinate directions, uj
are the velocity components, t is the time, p is the pressure and T is the temperature. The
Reynolds, Prandtl and Grashof numbers are represented by Re, Pr and Gr, respectively, and
these are de�ned as

Re=
u∞L
�
; Pr=

�
�
; Gr=

g��TL3

��
(2)

The remaining non-dimensional scales are standard and used in many text books and papers
[9, 31].
In Equation (2) u∞ is a reference velocity, L is a characteristic dimension, � is the kinematic

viscosity, � is the thermal di�usivity, g is the acceleration due to gravity and � is the coe�cient
of thermal expansion. The non-dimensional form of deviatoric stress is de�ned by

�ij=
1
Re

(
@ui
@xj

+
@uj
@xi

− 2
3
@uk
@xk
�ij

)

where �ij is the Kronecker delta. The force of gravity acts along the x3 direction and this is
re�ected by the inclusion of the buoyancy term in the x3 momentum equation. Note that, for
incompressible �ows, density variation can be neglected and the conservation of mass equation
becomes an equation to impose the requirement for a divergence free velocity �eld. However,
in arti�cial compressibility forms, an arti�cial form of the density variation is retained in the
continuity equation.
The isothermal �ow solution can be obtained by decoupling the energy equation from the

other equations. For forced convection problems, the energy equation may be decoupled from
the other equations if only a steady state solution is of interest. Natural convection or transient
problems must be solved by using the coupled system of equations. To simulate natural or
free convection problems, the Reynolds number in the governing equations is replaced by
1=Pr to represent appropriate non-dimensional scale.
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3. CHARACTERISTIC BASED SPLIT (CBS) SCHEME

Both explicit and semi-implicit forms of the CBS procedure are employed in this paper. The
semi-implicit form needs implicit solution of the pressure Poisson equation. In practice, we
�nd the fully explicit form much easier to handle than the semi-implicit form. However, for
problems with large source terms (example: �ow through a porous medium), the fully explicit
form fails and use of the semi-implicit form is necessary in such situations.
To describe the CBS algorithm and its application to the solution of three-dimensional,

incompressible �ow problems, we �rst de�ne the mass �ow rate

Uj=�uj (3)

and rewrite the equation for mass conservation as

@�
@t
=
1
c2
@p
@t
= − @Uj

@xj
(4)

where c is the speed of sound. Each momentum conservation equation is expressed as

@Ui
@t
=− @

@xj
(Uiuj)− @p

@xi
+
@�ij
@xj

+ Si (5)

Note that, for incompressible �ows, c2→∞ in Equation (4). However, AC schemes use
�nite values for c2 calculated from velocity and temperature �elds [25, 31] as discussed in
Section 4.
The CBS procedure has been the subject of research for the last 8 years and the basic algo-

rithm is available in many earlier publications [9, 16–25]. Brie�y, the characteristic procedure
is based on particle backtracking in the time–space domain, avoiding the need to resort to
moving co-ordinates. For accuracy, it is necessary to integrate backwards exactly, an expensive
and complicated procedure. A temporal Taylor expansion makes this tractable. This backward
approximation results in extra, consistent, second-order stabilizing terms, which stabilize the
scheme by suppressing oscillations generated from the discretization of convection terms. In
order to make use of the characteristic property, the governing Navier–Stokes equation system
is split into a series of fractional stages. The momentum components are discretized in time
using this procedure as,

U n+1
i −U n

i =�t
[
− @
@xj
(Uiuj)n − @pn+�2

@xi
+
@�nij
@xj

+ Sni

]

+
�t2

2
uk

@
@xk

(
@
@xj
(Uiuj)n +

@pn

@xi
− Sni

)

where the pressure term is not treated explicitly but is evaluated at a time t n + �2�t. The
notation

@pn+�2

@xi
≡ �2 @p

n+1

@xi
+ (1− �2) @p

n

@xi
(6)
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is adopted, where 06�261 (�2 = 0 for the fully explicit scheme and �2¿0 for the semi-
implicit scheme). In Equation (6), the extra higher order terms are the result of the charac-
teristic based time discretization.
For the solution of these equations, the CBS algorithm uses a fractional step approach with

a split. The four steps can be described as

(1) solve the momentum equation without the pressure terms,
(2) calculate the pressure from a Poisson equation,
(3) correct the velocities,
(4) calculate any additional scalar variables, such as temperature, concentration etc., from

the appropriate governing equations.

In the �rst step, we de�ne a new variable U ∗
i such that

U ∗
i −U n

i =�t
[
− @
@xj
(Uiuj)n +

@�nij
@xj

+ Sni

]
+
�t2

2
uk

@
@xk

(
@
@xj
(Uiuj)n − Sni

)
(7)

This represents the �rst part of the split and is explicit. The corrected velocities can be
determined, once the pressure is known, using the equation

U n+1
i −U ∗

i =−�t @p
n+�2

@xi
+
�t2

2
uk

@
@xk

(
@pn

@xi

)
(8)

The solution of this equation is actually the third step in the algorithm. The second step is
the determination of the pressure. Referring to Equation (4), we can write

(
1
c2

)n
(pn+1 − pn)= −�t @U

n+�1
i

@xi
(9)

Now U n+�1
i ≡ �1U n+1

i +(1−�1)U n
i where 0:56�161, and using Equation (8) we can write

U n+�1
i = �1

[
U ∗
i −�t @p

n+�2

@xi

]
+ (1− �1)U n

i (10)

The higher order terms are neglected in the above equation. Now Equation (9) can be
written as

(
1
c2

)n
(pn+1 − pn) =−�t

[
�1
@U ∗

i

@xi
+ (1− �1)@U

n
i

@xi

]

+�t2�1

[
�2
@2pn+1

@xi@xi
+ (1− �2) @

2pn

@xi@xi

]
(11)

The fourth step of the algorithm involves the calculation of the temperature �eld using the
equation for conservation of energy. Referring to Equation (1), this can be written in the form

@
@t
(�T ) +

@
@xj
(�Tuj)− @

@xj

(
1

Re Pr
@T
@xj

)
=0 (12)
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and, assuming incompressible �ow, characteristic time discretization gives

T n+1 − T n=�t
[
− @
@xj
(Tuj)n +

@
@xj

(
1

Re Pr
@T n

@xj

)]
+
�t2

2
uk

@
@xk

[
@
@xj
(Tuj)n

]
(13)

The resulting equations are solved using a standard Galerkin �nite element procedure. The
computational domain is discretized using a mesh of tetrahedral elements. Within each tetra-
hedron, the approximation

Ui=
4∑
n=1
Nn �Ui|n (14)

is adapted, where n=1–4 represent the four vertices of the tetrahedron, Nn is the linear shape
function at node n and �Ui|n is the value of Ui at node n. This is normally written in the more
convenient matrix form

Ui=N �Ui (15)

where the vectors are given by

N= {N1 N2 N3 N4}; �Ui=




�Ui|1
�Ui|2
�Ui|3
�Ui|4




With a Galerkin weighting, and de�ning �U ∗
i ≡ U ∗

i −U n
i , the �nal matrix form of Equa-

tion (7) is written as

M� �U
∗
i =�t[−C �Ui +K� + F] +

�t2

2
[Ku �Ui + Fu] (16)

where

M=
∫
�
NTN d�; C=

∫
�
NT

@
@xj
Nuj d�

F=
∫
�
NTSi d�; Fu=

∫
�
NT uk

@
@xk

Si d�

Ku=
∫
�
NTuk

@
@xk

(
@
@xj
Nuj

)
d�; K�=

∫
�
NT

@
@xj
�ij d�

Here � represents the entire computational domain. In a similar manner, Equations (11),
(8) and (13) can also be solved using the Galerkin procedure. Other publications [16–25]
provide full details of this method. It should be noted here that equal order interpolation is
employed for all �eld variables. Equal order interpolation will result in oscillation free solution
as long as the time step value calculated is not far from the stability limit (CFL condition).
Further discussions on how the CBS scheme allows equal order interpolation may be found
in References [9, 16].
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3.1. Extension to porous medium �ows

Historically, a number of models have been used for the solution of porous media �ow
problems but these are not generally suitable for all applications. Hence, the recent trend is
to develop a more generalized model, which can be used for all types of porous media.
The governing equations for �ow in a porous medium, using a generalized model

[32–41], can be written in the non-dimensional conservative form

@W
@t
+
@Fj
@xj

− @Gj
@xj

=S (17)

where
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1
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; S=




0

−Pu1
−Pu2

−Pu3 + � GrRe2 T
0




The new parameters introduced here are the porosity of the medium, �, which represents the
fraction of the total volume occupied by the voids, and is assumed to be uniform throughout
the domain in this study, and the coe�cient P de�ned by

P=
Pr
Da

+
1:75√
150

√
ukuk√
Da

1
�3=2

(18)

Here Da represents the Darcy number, which is proportional to the permeability of the porous
medium, and is de�ned as Da=	=L2 where 	 is the permeability and L is a reference length.
These equations reduce to the Navier–Stokes equations when �→ 1 and Da→∞, which
means that they reduce to the free �uid case when the porosity is 1. These equations can be
easily modi�ed to model the �ow in a variable porosity medium [36] and double di�usive
convection [35].
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4. FULLY EXPLICIT SCHEME

A fully explicit form of the CBS algorithm is obtained by substituting �2 = 0 and 1
26�161

into Equations (8) and (9). Thus, it becomes necessary to solve Equation (8) explicitly with
c replaced by an arti�cial compressibility parameter �. In general, � is calculated from local
velocity and temperature distribution and the mesh size, as discussed below. This gives a
critical time step �t= h=(�+ |u|), where h is the local element size.

4.1. The arti�cial compressibility parameter and local time step

In order to cover the spectrum of �ow conditions, it is essential to de�ne a value for � which
is not only suitable for di�erent Reynolds numbers, but also should take care of di�erent
�ow regimes (di�usion and convection dominated) within a problem at a particular Reynolds
number. As the � value is local, we need the appropriate local time steps to account for the
local stability limits. It is, therefore, essential to include local time step calculations as part
of the scheme.
In this work, the relation

�= max(�; vconv; vdi� ; vtherm) (19)

is employed, where � is a constant, taken here to be 0.5, vconv is the convective velocity, vdi�
is the di�usion velocity and vtherm is the thermal velocity. These velocities are calculated from
the non-dimensional relations

vconv =
√
uiui; vdi� =

1
hRe

; vtherm =
1

hPr Re
(20)

It should be noted that, for pre-conditioned AC schemes, the convection and di�usion veloc-
ities are calculated di�erently [31]. The objective here is to keep the relations as simple as
possible, while at the same time ensuring the performance is as good as, or better, than the
pre-conditioned scheme. The excellent pressure and convective stabilization properties of the
CBS scheme help in achieving good performance.
The local element size at a node i is de�ned as

hi= min(3volume=opposite face area)ie (21)

for the three-dimensional case using four-noded tetrahedral elements. Here, the minimum
value is selected among the number of elements, i.e. connected to node i. In terms of non-
dimensional quantities the local time step �t is calculated as

�tconv =
h

uconv + �
(22)

In Equation (22), � is calculated from Equation (19).
The calculated �t is multiplied by a safety factor varying between 0.5 and 1.0 depending

on the problem and mesh used. It is important to note that this is the only parameter that has
to be speci�ed in the present study. Determining this factor is generally easy. The approach
adopted here is to start with a maximum value and to reduce this value until the scheme
starts converging.
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5. SEMI-IMPLICIT SCHEME

The CBS algorithm can also be used in its semi-implicit form in which an implicit solution
of the pressure equation is necessary. The algorithm is conditionally stable if 1

26�161 and
1
26�261, with a critical time step �t= h=(|u|). In this study, �1 and �2 are assumed to be
equal to unity for the semi-implicit form with c→∞. Thus, Equation (11) can be rewritten as

@2p
@xi@xi

n+1

=
1
�t

@U ∗

@xi
(23)

Note that the transient term in the pressure equation, (11), is neglected as c is assumed to
be approaching in�nity.
In the case of porous medium �ows, the additional porous medium terms are also treated

implicitly [37]. The quasi-implicit scheme is similar to the semi-implicit form except that all
second-order terms in each equation are also treated implicitly. Details are given elsewhere
[9, 14, 41].

6. SIMULATING TRUE TRANSIENT SOLUTIONS USING THE EXPLICIT FORM

To add the true transient term to the momentum equation of an isothermal �ow, the CBS
procedure allows two approaches. The transient terms can either be added to the �rst step
or to the third step. In this study, it is added to the momentum correction step where real
velocity values are calculated (Equation (10)). Addition of a true transient term leads to the
modi�ed third step equation

U n+�1
i = �1

[
U ∗
i −�t @p

n+�2

@xi

]
+ (1− �1)U n

i +�t
�Ui�
��

(24)

where �� is the real time step. In order to achieve second-order real time accuracy, �Ui� is
approximated as

�Ui�=
3U n+1

i − 4U n
i +U

n−1
i

2
(25)

In the above equation, U n+1
i is equal to the nth pseudo time level value within the pseudo

time loop. The other two values, U n
i and U n−1

i , need to be appropriately stored at the start
of each real time level.
Over each real time step, the pressure residual is reduced to a prescribed value within

the pseudo time step, and here the value 10−4 is used. In the case of non-isothermal �ows,
a similar true transient term is added to energy equation to calculate the time dependent
temperature distribution.

7. RESULTS AND DISCUSSION

In this section, the three-dimensional results obtained for three-dimensional isothermal and
non-isothermal incompressible �ow problems are presented. The results are compared against
benchmark solutions wherever possible.
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7.1. Isothermal �ows

The isothermal results are obtained without including the energy equation.

7.1.1. Flow in a lid-driven cavity. Incompressible �ow in a lid-driven cavity is one of the
familiar test cases and a benchmark solution is available for comparison. The de�nition of the
problem is standard and involves a cube with the top lid moving with a prescribed velocity.
The left, bottom and right side walls are assumed to be solid and are subjected to a no
slip condition. The remaining two sides are subjected to symmetric condition, as shown in
Figure 1. If the semi-implicit form is used, we need one constant pressure boundary condition,
which can be imposed at the mid-point on the bottom surface. However, if the fully explicit
form is used, there is no need for any constant pressure conditions. In this paper, the fully
explicit scheme has been employed to solve this problem.
Figure 2 shows the unstructured mesh used for the problem. It is apparent that the mesh

is re�ned close to the solid walls. This mesh contains 92 405 nodes and 514 297 linear
tetrahedral elements. All meshes used in the paper are generated using the PSUE software
[5, 6]. The convergence history of the solution for lid-driven cavity at Re=400 is shown in
Figure 3. The residual norm is calculated using

Residual=
NN∑
i=1

[
1
�2

(
pn+1 − pn

�t

)]2
(26)

where NN is the total number of nodes. For all steady state problems using the explicit
scheme, the above value is reduced to a value below 10−5. Where semi-implicit form is used,
L∞ norm of all the variables are reduced to a value below 10−5.

u  = 1,  u  = u  = 021 3

u  = u  = u  = 01 2 3

u 
 =

  u
  =

 u
  =

 0
2

3
1

u 
 =

  u
  =

 u
  =

 0
1

3
2

Symmetric

Symmetric

Figure 1. Flow in a lid-driven cavity. Geometry and boundary conditions.
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Figure 2. Flow in a lid-driven cavity. Finite element mesh, Nodes: 92 405, Elements: 514 297.
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Figure 3. Flow in a lid-driven cavity. Convergence history at Re=400.

The results obtained for the lid-driven cavity at a Reynolds number of 400 are shown
in Figure 4. It is apparent that all the contours are smooth and without any appreciable
oscillations. In this problem, obtaining a smooth pressure distribution is generally di�cult
for many numerical schemes due to singularity at the top corners. However, due to e�ective
pressure stabilization of the CBS scheme, the results presented are smooth and stable even
close to singular points. The comparison of u1 velocity distribution along the mid-vertical line
with the benchmark solution of Ghia et al. [42] is shown in Figure 4(d) and it is apparent
that the present results are in excellent agreement with the benchmark solution.
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Figure 4. Flow in a lid-driven cavity, Re=400, (a) u1 velocity contours, (b) u3 velocity
contours, (c) pressure contours, (d) comparison of horizontal velocity distribution along

mid-vertical line with Ghia et al. [42].

Figure 5 shows a comparison of horizontal velocity distribution along the mid-vertical line
with that of Ghia et al. [42] for a Reynolds number of 1000. The deviation in the comparisons
are expected as Ghia et al. results were produced for a two-dimensional geometry. It is also
evident from the literature that the unsteady state solution is possible at Re=1000 in three-
dimensional driven cavity �ows [43]. It is therefore concluded that both three-dimensional
and transient e�ects have contributed to the deviations.

7.1.2. Flow over a backward facing step. The second problem considered is another standard
benchmark test case of �ow over a backward facing step. The Reynolds number is based on
the step height. The inlet section is taken equal to two times the height of the step. The length
of the channel ahead of the step is four times the height of the step and the total length of
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Figure 5. Flow in a lid-driven cavity. Comparison of horizontal velocity distribution along
mid-vertical line with Ghia et al. [42] at Re=1000.

Parabolic inlet

symmetry  - front and back
solid walls - top and bottom

Figure 6. Flow over a backward facing step. Geometry and boundary conditions.

the channel is 40 times the step height. The inlet velocity pro�le is nearly parabolic and is
generated by �tting a curve using the experimental inlet data [43]. Other relevant boundary
conditions are shown in Figure 6. The fully explicit form is used for the solution of this
problem.
The case considered in this paper has an inlet Reynolds number of 229. For this case,

experimental data is available for comparison.
Figure 7 shows the �nite element mesh employed and the u1 velocity contours. The mesh

is coarse, with 9686 nodes and 35 436 elements. The contours obtained (Figure 7(b)) are
smooth without signi�cant oscillations. The comparison of the velocity distribution with the
experimental data is shown in Figure 8. As expected there are some di�erences but recircu-
lation is predicted excellently. In general, the agreement is good and small deviation is due
to the di�erences in the velocity pro�le used between the experiment and assumed numerical
data.

7.1.3. Flow past a sphere. The next problem considered involves �ow past a sphere in a
con�nement. The computational domain is a rectangular box of length 25D, where D is the
diameter of the sphere, with the downstream boundary located 20D from the centre of the
sphere. The four side walls are located at a distance of 5D from the centre of the sphere.
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(a)

(b)

Figure 7. Flow over a backward facing step. Finite element mesh and u1 velocity contours,
(a) �nite element mesh, (b) u1 velocity contours.

All four con�nement walls are assumed to be slip walls with normal velocity equal to zero.
The inlet velocity is assumed to be uniform and the no-slip condition prevails on the sphere
surface. This problem is solved using the fully explicit form of the CBS scheme.
For this problem, coarse, medium, and �ne unstructured grids containing 271 680, 475 067

and 953 025 tetrahedral elements respectively have been generated. Figure 9 shows a portion
of the �ne grid along with the section on the symmetry plane. Figure 10 shows the contours
of the u1 component of the velocity computed on the �ne grid for a Reynolds number of
100, and compares the Cp values on the surface along the �ow axis with those available in
literature. The non-dimensional Cp is calculated as

Cp=2(p− pref ) (27)

with pref being the pressure at inlet. Figure 11 shows similar results for a Reynolds number
of 200. The Cp comparisons are generally good and show the improvements achieved in the
accuracy of the solution as the grid is re�ned.
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Figure 8. Flow over a backward facing step. Comparison of velocity distribution
with experimental data [43].

Figure 9. Unstructured grid for sphere, (a) Surface gird, (b) Symmetry plane sectional grid.

Note that the results used for comparison were generated using very �ne structured meshes
[44, 45]. It should also be noted that all the results di�er from each other close to separation
zone.

7.2. Non-isothermal �ows

7.2.1. Buoyancy-driven �ow in a cavity �lled with single phase �uid. Some results are pre-
sented for the natural convection in a cubical thermal cavity, with insulated horizontal walls
and prescribed temperature on two of the opposite vertical walls, with a di�erent temperature
on each wall. The �ow condition on all these walls is assumed to be no-slip. The remaining
two vertical walls have a zero �ux �ow and temperature conditions prescribed on them. This
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Figure 10. Flow past a sphere, Re=100, (a) u1 contours, (b) Cp comparison.
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Figure 11. Flow past a sphere, Re=200, (a) u1 contours, (b) Cp comparison.

buoyancy-driven �ow problem is a good test case because it contains regions of both highly
di�usive and highly convective �ow. The semi-implicit form of the solution procedure has
been employed here.
The unstructured grid used for the computations is the one shown earlier in Figure 2.
Plate 1 shows the computed solutions for the �ow with Rayleigh numbers of 105 and

106. The temperature contours are generally quite smooth and show the correct qualitative
behaviour which is similar to that of the benchmark solutions [46]. As the Rayleigh number
increases, the isotherms get increasingly packed near the vertical walls of the cavity, as
expected.
Benchmark numerical solutions for the two-dimensional version of this problem are avail-

able in the literature [46], and Table I compares the maximum horizontal velocity u1, the
maximum vertical velocity u3 and the average Nusselt number at the hot wall. The present
results are in excellent agreement with the benchmark solution.

7.2.2. Buoyancy-driven �ow in a cavity �lled with �uid saturated porous medium. We now
look at the natural convection in a thermal cavity containing a porous medium for which
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Table I. Comparison with benchmark solution [46].

Ra u1 max Reference [46] u3 max Reference [46] Nu Reference [46]

103 3.574 3.649 3.725 3.697 1.225 1.116
104 18.123 16.178 21.973 19.617 2.364 2.243
105 36.389 34.73 74.524 68.59 4.493 4.517
106 65.02 64.63 217.274 219.36 8.855 8.797

Table II. Comparison of results for porous medium computations.

Flow conditions u3 max Reference [36]

Da=10−6, Ra=108, �=0:8 43.12 47.37

Da=10−2, Ra=104, �=0:8 10.05 9.34

�=0:8. The de�nition of the problem is identical to the buoyancy-driven �ow of single phase
�uid discussed in the previous example. The mesh used in the previous example has again
been employed here.
Plate 2 shows the �ow with a Darcy number of 10−6, Rayleigh number of 108 (Darcy

�ow regime) and also shows the �ow with a Darcy number of 10−2, Rayleigh number of 104

(non-Darcy �ow regime). In both the cases presented, the Darcy–Rayleigh (DaRa) number is
identical. The Darcy–Rayleigh number is assumed to be equal in order to show the Darcy and
non-Darcy e�ects. It should be noted that the Darcy–Rayleigh number is the only parameter
governing the �ow apart from the Prandtl number when the Darcy model is used [36].
The temperature contours are quite smooth and qualitatively match the results available in

literature [36]. The �ow at the lower Darcy number (Da=10−6) shows less convective mixing
inside the cavity with a packing of the isotherms near the vertical walls of the cavity. The
symmetry of the �ow and temperature patterns at Da=10−6 shows the signs of un-symmetric
developments. Establishing the steady state solution was di�cult in this problem and this may
be due to the high Rayleigh number used. It is possible that both three-dimensional and high
Rayleigh number e�ects contributed to the minor un-symmetric pattern at this Darcy number.
It is however noted that at Da=10−2 the pattern is symmetric with respect to the vertical
centreline.
Table II compares the maximum vertical velocity obtained in the present calculations with

those reported for a two-dimensional problem [36]. As seen the results di�er a small amount
from the two-dimensional results computed on structured meshes. These di�erences may be
attributed to the three-dimensional e�ects, which are present in the present solution.

7.3. Transient �ow

7.3.1. Vortex shedding behind a circular cylinder. The ability of the CBS scheme in its
explicit form to simulate transient �ow is illustrated by computing the vortex shedding in
the wake of a circular cylinder. An unstructured grid containing 606 769 tetrahedral elements
is employed. The computational domain is a rectangular box of length 20D, where D is
the diameter of the cylinder, with the downstream boundary located 16D from the centre
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Figure 12. Vertical velocity in wake of circular cylinder, Re=100.

of the cylinder. The top and bottom walls are located at a distance of 4D from the centre of
the cylinder, while the side walls are 0:5D apart. The inlet velocity to the domain is assumed
to be uniform and all the side walls are assumed to be slip walls. The cylinder surface is
assumed to be solid and no-slip conditions are applied.
Plate 3 shows the grid and the contours of the u1 component of the velocity at a Reynolds

number of 100, plotted at a real time of 66.4. Figure 12 shows the variation of the vertical
velocity with real time at the down-stream boundary point at the central horizontal line. The
results obtained by de Sampaio et al. [47] are also shown and the agreement between the
present results and adapted mesh solution of de Sampaio et al. is seen to be excellent.

7.3.2. Transient �ow past a sphere. The unsteady �ow past a three-dimensional body like a
sphere is extremely complex and is therefore of great interest. The mesh employed here is the
medium one used for the steady �ow computations described earlier. The problem de�nition
is identical to that discussed previously for steady �ow past a sphere. Plate 4 shows the u1
contours at a Reynolds number of 600 and at a real time of 75, where the unsteady nature
of the wake is apparent and Figure 13 shows the variation of the u2 velocity component at a
downstream boundary node at the central horizontal line with real time.
A detailed numerical study of laminar �ow past a sphere is recently presented by Lee [48]

for Reynolds number of up to 500. It is clear from the available studies that the periodic
vortex shedding, similar to the one for circular cylinder, exists for Reynolds numbers above
400. However, the periodic nature changes to a distinctive pattern similar to the one shown
in Figure 13 beyond a Reynolds number of 500. The present results for a Reynolds number
600 con�rms such a distinctive pattern.

7.4. Flow past multiple spheres in a channel

The microscopic approach to the analysis of �ow in porous media involves modelling the
problem as a collection of closely packed spheres. In this paper, such a problem is solved
in order to show that the CBS scheme is capable of handling complicated domains and �ow
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Plate 1. Buoyancy-driven �ow in a cube with single phase �uid, (a) temperature contours, Ra=105,
(b) u3 contours, Ra=105, (c) temperature contours, Ra=106, (d) u3 contours, Ra=106.
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Plate 2. Buoyancy-driven �ow in a cube with a porous medium, �=0:8, (a) temperature contours
Da=10−5, Ra=108, (b) u3 contours Da=10−6, Ra=108, (c) temperature contours Da=10−2,

Ra=104, (d) u3 contours Da=10−2, Ra=104.
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Plate 3. Unsteady �ow past a circular cylinder, Re=100, (a) surface grid,
(b) u1 contours on symmetry plane.
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Plate 4. u1 contours for unsteady �ow past a sphere, Re=600.

Plate 5. u1 contours for �ow past multiple spheres, Re=50.
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Figure 13. Vertical velocity in wake of sphere, Re=600.

in this type of paths. Studying the �ow past geometry is important in applications such as
packed beds, electronic cooling arrangements and �lter beds, where the particle based Reynolds
numbers are normally small and the CBS scheme is an excellent choice for such conditions.
Here, we study the �ow at Re=50 past a 9×5 array of spheres in a channel. The channel

is of length 25D, where D is the sphere diameter, with the downstream boundary located at a
distance of 20D from the centres of the spheres. The centre to centre distances between two
spheres is taken to be equal to 1:1D. The distance between the centre of the sphere closest to
wall and the wall is equal to 0:6D for the top and bottom walls and 0:8D for the side walls.
The problem is solved for two di�erent channel wall boundary conditions. In the �rst case,

all the side walls, except the inlet and exit, surfaces are assumed to be slip walls. In the second
case, two of the side walls (top and bottom) are assumed to be solid and noslip conditions
are assumed on them. The other boundary conditions include uniform inlet velocity at inlet
and no-slip conditions on the sphere surfaces.
Figure 14 shows a portion of the grid along with the section on the symmetry plane. The

mesh is �ne in the vicinity of the spheres to improve the accuracy of the simulation.
Plate 5 shows the contours of the u1 component of the velocity at a Reynolds number

of 50 along the mid-section for the �rst case. It can be observed that the results are fairly
symmetric along the centre line as expected. It is also seen that each sphere develops its own
back zones and that these zones interact with each other. This interaction and the interaction
with the walls, make this problem interesting. It should be noted that the wake behind the
spheres closest to the walls develop due to interaction between the spheres and the solid wall.
Figures 15 and 16 shows the Cp distribution on the spheres at di�erent vertical positions

on the central line for the two cases. In Figure 15, between z=− 2:2 and 2.2, the cp values
are close to each other as expected. However, either the spheres at z=− 4:4 or at 4.4, the
interaction of the �ow with the slip wall at bottom and top, respectively, increases the magni-
tude of cp value dramatically along one half of the sphere surface. Note that such a deviation
is not very high when the slip walls are replaced with solid walls, as shown in Figure 16.
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Figure 14. Unstructured grid for multiple spheres, (a) surface grid, (b) symmetry plane sectional grid.
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Figure 15. Cp distribution on the spheres at di�erent vertical positions. With
symmetry walls on all four sides.

8. CONCLUSIONS

In this paper, a number of incompressible �ow problems have been solved in three dimensions
for both steady and transient incompressible �ow states. The potential for the use of CBS
scheme for other incompressible �ow applications is very good. Further studies are necessary
in order to extend the scheme for problems such as viscoelastic �ows and other non-Newtonian
�ows, such as blood �ow in a human body.
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Figure 16. Cp distribution on the spheres at di�erent vertical positions. With top and bottom solid walls.
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